Introduction
Damage remains a major component of concrete behaviour [1] [2] [3] . Based on previous work [4, 5] , the µ damage model [6] offers the simplest and most complete set-up possible. It implies formulating the following set of main assumptions: -Concrete behaviour is considered as the combination of elasticity and damage. The damage description is assumed to be isotropic and directly affects the stiffness evolution of the material. Let Λ be the stiffness matrix of the
Basics of the damage concrete model (a) Constitutive equations
A summary of the µ damage model is proposed below. For a more detailed presentation, see Mazars et al. [6] . Like for a previous model [4] , let us consider the equivalent strain concept. Below, we define ε t and ε c as the equivalent strain for cracking and crushing, respectively (ν is Poisson's ratio): where r is the triaxiality factor [7] , which evolves within the stress space from 0, for the compressive stress zone, to 1, for the tensile stress zone; σ = σ /(1 − d) = Λ : ε is the 'effective stress'; x + and |x| denote the positive part and absolute value of x, respectively. Therefore, r is damage independent and can be determined at each calculation step without iteration, which makes this model explicit.
As was the case with Mazars' model [4] , the damage evolution law is defined by
where 
and
when r = 0 (i.e. compressive stress domain), A = A c and B = B c ; conversely, when r = 1 (i.e. tensile stress domain), A = A t and B = B t . k is introduced to calibrate the asymptotic stress value at large displacements in shear (useful to describe concrete-rebar friction): k = A r=0.5 /A t ; a standard value for k is 0.7 (figure 1). 
(c) Model response
In the σ 3 = 0 plane, figure 1 displays the plots of both the damage initiation surface (d = 0) and the failure surface. This surface corresponds to the maximum stress envelope (normalized by the compressive strength f c ), as obtained from curves at the prescribed σ 1 /σ 2 ratios: three specific curves are shown in figure 1, tension (σ 2 = 0), shear (σ 2 = −σ 1 ) and compression (σ 1 = 0). This figure also plots experimental data used for the failure surface and derived from several biaxial tests along various loading paths on an ordinary concrete specimen [8] . This model offers very good results, with just a few differences observed near the bisector in the bicompression area.
(d) One-dimensional version of the model
It was observed in the previous section that the driven variable for d is Y. From equation (2.6) and for a uniaxial situation, it is derived that Y = Y t for tension (r = 1), and Y = Y c for compression (r = 0). From equations (1.1) and (2.7), therefore, two expressions are found to describe uniaxial behaviour.
-For tension:
where Y t = Sup(ε 0t , max ε) and Y 0t = ε 0t = σ 0t /E; for one-dimensional calculations, it can be useful to use σ 0t as tension damage threshold; -For compression:
where Y c = Sup(ε 0c , max−ε) and Y 0c = ε 0c =− σ 0c /E; for one-dimensional calculations, it can be useful to use σ 0c as compression damage threshold. Figure 2 shows the corresponding uniaxial response with a specific loading path, from OAB in tension to ODF in compression while highlighting the range of evolution in stiffness due to crack opening and closure (i.e. the unilateral effect). 
Simplified modelling and strain rate effects
The calculations presented in this paper have been made on the platform ATL4S developed at 3SR Grenoble [9] . To decrease the number of degrees of freedom, 3D Timoshenko multifibre beam elements have been used [10] . Based on a one-dimensional model, nonlinear fibres were associated with the µ damage model for concrete as well as with an elastic-perfectly plastic model for rebars. This beam description generates kinematic constraints to ensure the respect of both, the continuity of displacement between two elements and all plane sections.
(a) Cracking energy dissipation
The progressive damage leads to cracking. The energy dissipated in this process is a major point of the phenomena of concrete failure, both in static and dynamic.
Hillerborg et al. [11] stipulated that the energy dissipated at failure in a unit concrete volume must be equal to the fracture energy. When there is localization (for example, in a tensile multifibre beam calculation), it takes place within a band of elements, and the material parameters must be calibrated with the size h of these elements. The control of results objectivity is insured using the crack band theory [12] .
The definition of G f was derived according to Planas et al. [13] and Bazant [14] , meaning that in the part of the beam where damage and plasticity are concentrated, the size of elements is consistent with the crack band width:
where E t being the post-peak tangent stiffness for an equivalent triangular shape of the σ −ε tensile curve. In the absence of localization, which is the case for example in a multifibre reinforced concrete bending beam calculation, the crack band concept cannot be applied. It was demonstrated in [15] that the damage-cracking processes for one crack are distributed on both sides of a crack over a volume defined by the distance s c between two cracks. Therefore, the calculation must be calibrated so that the energy is consumed in a s c wide area instead of an h area. In this case G f acts not at the local level but regularizes globally the problem.
(b) Strain rate effects
The dependence of concrete strength on strain rate is well known, particularly under tension whereby inertia effects cannot explain the phenomenon ( figure 3a ).
An experimental campaign has recently been conducted at the LEM3 Laboratory in Metz, France [16] ; it has focused on quasi-static tests and dynamic tests performed on both dry and wet concrete specimens. A high-speed hydraulic press was applied for the medium strain rates, and an experimental Hopkinson bar device, based on the spalling technique, was used for the higher strain rates. From these tests, original identification techniques could be developed in order to deduce the tensile strength of the material. For an ordinary concrete, the complete results are given in figure 3a.
As presented in Pontiroli et al. [5] , this effect is taken into account using the so-called retarded damage concept. A dynamic threshold (ε d 0t ) is used instead of a static one (ε s 0t ) through an increase factor dependent on the strain rateε (=dε/dt): In the μ model, from equations (2.9) and (3.2), the dynamic tensile strength, f d t = f (ε), can be deduced. These results have also been plotted in figure 3a, thus confirming that the calculations provide excellent results. It is a simple step to extend such a calculation to three-dimensional situations by introducing ε d 0t into equations (2.5) and (2.6), in order to define the initial threshold of the three-dimensional driving variable of damage, Y.
The modelling of strain rate effects is greatly related to the scale of description. Figure 3b shows that, from a mesoscopic scale modelling [17] , the failure at a macroscopic scale changes from a mono-cracking to a multi-cracking with the strain rate intensity. This leads to a double effect, visible on the overall curves: (i) The increase of the tensile strength and (ii) the increase of the energy consumed to break the element.
In a description on a macroscopic scale, as is the case here, the second point must be treated by increasing the fracture energy with the velocity. In the absence of experimental data on the subject, the problem was treated as follows:
-The evolution of tensile properties respects both, the increase of the tensile strength
given by experiments, the increase of the fracture energy from spalling tests results using inverse methods. MPa) 
, is the increase factor for the damage dynamic threshold (grey curves: low and medium velocities, R t < 2.5; black curves: high velocities, R t > 2.5).
-The use of the Hillerborg method is the one presented before, assuming that the equation linking h (or s c ), G f and the material parameters (as in equation (3.1)) is the same whatever is the G f value.
On this basis, the proposal for the peak (equation (3.2) ) is complemented by acting on the evolution of the cracking energy with the introduction, at the peak, of a plateau which increases the area under the curve and, therefore, increases G f . In this context, we propose as a first approach:
-At low and medium velocities:
• ε d 0t /ε s 0t = 1.0 + a tε b t ; the evolution beyond the threshold is always given by the classical damage equations (2.9).
-At high velocities:
; the evolution beyond the threshold of the σ -ε curve comprises a plateau followed by a linear post-peak evolution.
The threshold between the two domains is aboutε = 10 s −1 . Figure 4 shows the resulting results for the various σ -ε uniaxial tension curves.
(c) High velocity loading: spalling test
To highlight the ability of the µ model to describe high velocity problems, the spalling test conducted at LEM3 Metz has been simulated. The test specimen was a cylinder (L = 140 mm, Φ = 46 mm) whose left edge was in contact with the Hopkinson bar (figure 5a), which generated the compressive wave on this edge (figure 5b). The transmitted compressive pulse propagated along the specimen until reaching the free end, where it was reflected as a tensile pulse travelling in the opposite direction. When the amplitude of the reflected pulse exceeded that of the incident pulse, a dynamic tensile loading spreads across the specimen leading to a potential fracture; figure 5a displays the experimental result obtained for a given pulse (σ (t)max = 50 MPa, figure 5b ) that led to multi-fracture of the specimen. Table 1 gives the materials parameters. Comparison with the test measures shows good agreement for the velocity inside the specimen (figure 5e (left) and 5f (right)), for the strain at the location of a crack (figure 5d) and for the resulting damage, which exhibits three main cracks (figure 5c). Fracture is determined using an erosion technique: the element is eroded when strain reaches a very high value (ε > 10 −2 ). 
Application on reinforced concrete structural members
We will demonstrate in the following discussion the relevance of this model in describing the behaviour of reinforced concrete structural elements. On the basis of static and dynamic experiments performed on RC beams, the multifibre (MF) beam description is used, and results are compared with experimental ones. A total of eight concrete beams were tested at FOI laboratory (Sweden), some under static loading some others under impact, each with dimensions according to figure 6 [18] .
(a) Low velocity loading: quasi-static 4-point bending tests
Three beams were tested with a quasi-static load. The beams were simply supported with a span of 4.0 m. Two uniform line loads were positioned at the third points of the span. The loaddisplacement rate was 1.0 mm min −1 for one beam and 2.0 mm min −1 for two beams. A load cell and a deflection gauge were positioned as shown in figure 6 . The modelling principles used are as follows:
-Concrete mesh includes 30 beam elements in length (4 m between supports); the multifibre section includes 10 fibres high and, the problem being plan, only two fibres thick. -Reinforcement mesh includes bars reinforcement elements located in the section with respect to the scheme figure 6 (stirrups are not considered). -The µ uniaxial damage model is used for concrete and a perfect elastic-plastic model is used for steel.
However, it was shown in [15] that -to simulate effects generated from friction between the crack lips and the release of initial stresses in the medium, hysteretic loops and permanent strains must be introduce into the behaviour of concrete; -at large deformation, debonding between concrete and rebar occurs; this effect plays an important role when cracks open and steel plasticizes and must be taken into account.
Then further developments have been made as presented below.
(i) Hysteretic loop
During unloading or reloading, the hysteretic loop is described using a specific partition of the total strain, i.e.: σ t = σ + σ d , where σ = E(1 − d i )ε and, as shown in [5] , the damping stress (σ d ) is given by
where β 2 and β 1 are related to damping, respectively, with and without damage. The sign is − for unloading (ε < 0) and + for reloading (ε > 0). d i is used to distinguish the damage value in tension, d t , from that in compression, d c ; moreover, f i (ε) is associated with d i and its driven variable Y i ; it also provides both the shape and size of the loop: (ii) Permanent strains Associated with cyclic loading, permanent strain appears for damaged concrete when unloading. To model it, the principle consists of considering, as shown in [5] , a shift (ε ft , σ ft ) in the σ −ε axis, such that
Assuming the same concurrent point (ε fc , σ fc ) for elastic unloading in compression, we obtain
where ε ft depends on the damage value in compression; it equals ε ft 0 if d c = 0. Assuming a constant value regardless of d c for the stress at crack closure (σ ft = Eε ft 0 ), from (4.4) it can be deduced that
ε ft 0 and ε fc are material parameters. The resulting σ −ε curve is shown in figure 7b . The curve improvement only modified the unloading and reloading responses. For a monotonic loading in tension or compression, the σ −ε curve remains exactly the same as before. Let us note (figure 7b) that permanent strain is created whenever damage evolves in tension but vanishes during unloading. Conversely, the permanent strain created in compression is definitive.
(iii) Steel-concrete debonding
It is widely acknowledged that debonding, between concrete and rebar, occurs at large deformations. This phenomenon is especially sensitive whenever cracks open and steel yields. In a fibre beam description, given that no interaction is taking place between the fibres except at their ends and that the damage-fracture processes are distributed, debonding cannot be reproduced. This point leads to overestimating the plastic strain [15] . As proposed by various authors [19] , one way to introduce bond degradation and the relative sliding of rebar over concrete in a multifibre beam description is to split the total strain in the steel fibre into two parts: a first part associated with the proper strain of the steel (ε e + ε p ), and the second part related to the sliding strain (ε s ) occurring at the steel/concrete interface:
where ε e , ε p and ε s are the elastic strain (ε e = σ /E), plastic strain and sliding strain, respectively. Plastic strain depends on the selected elasto-plastic model. For a perfectly plastic model, the tensile response is
Braga et al. [20] proposed a modified steel bar model to account for bond slips in considering a nonlinear monotonic relationship for sliding. In order to minimize computational effort, the present proposal is based on the following assumptions: -Sliding strain evolves from a threshold and, assuming that the main sliding evolution occurs when plasticity is activated, this threshold is assumed to be the plastic threshold. -A linear link exists between plastic strain and sliding deformation. 
(iv) Results
Modelling was undertaken on these bases. As indicated in table 2 concrete is of high strength type, the mean value for compressive strength has been deduced from results performed on cubes.
Tensile strength has been deduced from results on splitting tests and G f is assumed to be equal to 1/2.5 times the total fracture energy G F [21] . This specific behaviour induces certain brittleness in the response, particularly when cracking develops in the central part of the beam (approx. 30 kN), but the robustness of the multifibre description allowed to pass without this problem. Figure 8a shows that the calculated overall response of the beam fits well within the envelope of three tests results. Figure 8c shows the progression of the damage contour for three specific stages (10.5, 21 , 105 mm of displacement), the last one being consistent with the cracking extend at the end of the experiment (figure 8d). Figure 8b gives the stress along the lower rebar of the beam, one can observe that when plasticity occurs (displacement of approx. 10 mm), it concerns the whole central part of the beam A -A registration of striker velocity Figure 9 . Experimental set-up for the dynamic test (from [18] ).
which justifies the large extent of plastic deformation visible on the beam at the end of experiment (figure 8d).
(b) Medium velocity loading: impact on a reinforced concrete beam
Altogether five beams were tested with a dynamic load consisting of a heavy drop weight striking each beam at mid-span [18] . The striker with a mass of 718 kg was dropped from a height of 2.68 m. The striker head struck a steel pad positioned on the beam with a velocity of about 6.7 m s −1 . The steel pad was 50 mm wide and 30 mm thick. The span between the supports of which was 4.0 m and they were considered to be rigid. In order to avoid upward displacements of the beam-ends during impact, restraints were used at the supports as illustrated in figure 9 . Two accelerometers were positioned on the beam. For the last beam tested, an accelerometer was also positioned on the striker head. In addition, two strain gauges were positioned on the concrete surface on both sides of the beam at the same level as the middle gauge on the rebar, and four strain gauges were used on the rebar. Furthermore, the striker velocity was registered with a pulse transducer which was also used for the beam velocity in the last experiment. The mesh used is the same as the one presented before for the static loading. The concrete being the same, the μ model is based on the same materials parameters as those presented in table 2, it further includes the same strain rate effects as used for the spalling test (a t , b t , c t , d t and M t from table 1).
As indicated below the beam velocity was measured on the central part of the beam for the last experiment. This signal was used as velocity load in the central part of the beam (figure 10a), the corresponding acceleration and displacement histories are given in figure 10b,c, respectively; they show the good computed response of the beam.
Owing to the shock, the beam exhibits a multimodal response which justify the specific damage contour observed (figure 10e), including three main strong damage zones: -in the central portion of the beam, a strong tensile damage area on the lower part (widely extended to the ends) and a compressive damage area on the upper part (at impact location); -at about 1 m from each end of the beam, a tensile damage zone, on the upper part of the beam, more or less connected with the previous one at the end of the experiment. These results are consistent with the cracking pattern observed after the test ( figure 10f ) . Furthermore, the permanent displacements are correctly reproduced by calculation ( figure 10g ).
In conclusion, we can say that the model reproduces the response of the beam under impact and correctly describes the resulting degradations. 
Conclusion
Based on previous work, the μ damage model has been designed to activate the various damage effects correlated with monotonic and cyclic loading, including unilateral effects. Assumptions are formulated to simplify constitutive relationships while still allowing for a correct description of the main nonlinear effects. The paper presents an enhanced simplified FE description including a damage description and, based on the use of multifibre beam elements, it includes strain rate effects modelled to treat low, medium and high velocities situations.
Two main applications have been presented. One associated with the simulation of a spalling test, performed on a Hopkinson bar which corresponds to a loading at high velocity. The other is related to a reinforced concrete beam receiving an impact at about 6.7 m s −1 .
The comparison with experimental results shows in the two cases the relevance of the approach to reach global and local information despite the simplified approach based on the use of multifibre beams and enhanced models. Furthermore, this approach allows a better control of convergence problems and considerable computational time savings.
Of course, in the context of simplified models as presented here, the limitation of the model is strictly given by the limitation imposed by the use of Timoshenko multifibre beam elements. The weakness in the description of shear effects led to use of this description for slender element types (beams-columns); however, a recent work introducing the section warping due to shear expected to expand the domain of validity to short beams and walls [22] .
